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INTRODUCTION 
Let G be a group and R be a commutative ring. By a generalized 
G-graded R-algebra we mean a generalized monoid A, as defined in [3], in 
the monoidal G-category of G-graded R-modules. Monoidal G-categories 
are discussed in Section 2. By a graded n-module we mean a module 
( = action) over the generalized monoid /1. 
Now the category, A-Mod, formed of the graded /i-modules and their 
morphisms is a canonical G-category-see Sections 1 and 2. Our aim is to 
characterize G-categories equivalent to the G-category /i-Mod in the sense 
of the 2-category of G-categories (see [ 1 I). This is done in Section 3. 
Less formally, a generalized G-graded R-algebra can be thought of as an 
ordinary G-graded R-algebra /i = {/ig}gsc, except that the component of 
the identity /i, may have no 1 (it is a generalized R-algebra-see [3]); 
instead it has a nonempty family of nonzero orthogonal idempotents e, 
such that, for each g E G, C e,/ig = /i, = C /Iges. A graded n-module may 
be thought of as an ordinary graded n-module X= {X,>, except the X, 
satisfy C e,X, = X,. We should mention that the genesis of our thinking on 
generalized G-graded algebras and their graded modules is Mac Lane’s 
book [9, Chap. VI]. 
- Generalized group graded algebras have been used with sufficient 
frequency in the representation theory of finite dimensional algebras 
that some authors do not even bother to distinguish them from ordinary 
group graded algebras. They arise as the path algebra, modulo the ideal of 
relations, of a connected graph (finite or not) with relations having a 
regular covering with automorphism group G-cf. [6]. 
It becomes apparent that our results are heir to P. Freyd’s well-known 
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characterization of categories equivalent to functor categories of the form 
(R-Mod)“’ for a small R-category &. In fact, by Proposition 4, either of 
our main results, Theorem 7 or Theorem 8, reduces to Freyd’s result when 
G is the trivial group. 
1. PRELIMINARIES ON G-CATEGORIES 
Although, by and large, the notions and results concerning G-categories 
needed in this paper are herein included, the reader is referred to the intro- 
duction of [ 11 for context and perspective. 
A G-category is a G-object in CAT. The action of an element g of G 
on an object or arrow . is written g. . The GOP-action, if there is one, is 
written J. 
If % and g are G-categories, the functor category %,’ is a canonical 
G x GOP-category. A G-transversaled functor (T, 5) in VX is a functor 
T: X + V together with a G-indexed family r = { zg}, called a G-transversal 
for T, of natural isomorphisms T n: xT + TR obeying the rule ri. R~h = z~,,. 
We say that T is trivially G-transversaled if its G-transversal is the identity 
or, otherwise put, that T is a G-functor. For example, in the monoidal 
G-category of G-graded R-modules mentioned above, the tensor product is 
such that X0- is not a G-functor, but it is a G-transversaled functor (and 
- @ Y is GOP-transversaled). 
Composition of G-transversaled functors is defined by 
(S, a)o(T, T)= (ST, 0~1, (a~), = ST, ‘6, T. 
With this composition and %-cells q: (S, 0) * (T, r) natural transformations 
q: S -+ T subject to commutativity of 
the category Trans G-CAT of G-categories and G-transversaled functors is 
a 2-category [8] under the usual horizontal and vertical composition of 
CAT (for 2-categorists, Trans G-CAT is Ps(CAT’)). The sub-2-category of 
Trans G-CAT formed by the trivially G-transversaled functors is denoted 
G-CAT (CATG for 2-categorists). 
G-transverse adjunctions and G-transverse equivalences refer to, respec- 
tively, adjunctions and equivalences in the 2-category Trans G-CAT (see 
[ 81). G-adjunctions and G-equivalences refer to, respectively, adjunctions 
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and equivalences in the 2-category G-CAT. In such terms one of the 
primary reasons for the utility of Tram G-CAT is afforded by 
THEOREM 1 [ 1, Proposition 5.21. Any G-tranversaledfunctor having an 
ordinary adjoint (left or right) has a G-transversaled adjoint. 
The analogous result is not valid in G-CAT: examples of G-functors 
having adjoints that do not have G-adjoints are commonplace (e.g., 
see the remark following the proof of Theorem 7). Partly as a remedy, the 
following definition was made in [ 11. A G-category X is said to be stably 
closed if for each X E ,!Z and G-indexed family of arrows #*: RX + X such 
that @I = 1 and 
commutes, there is an isomorphism 5: Y -+X for some stable object Y (i.e., 
d Y = Y for all g) such that 
Y 
Rt 5 
A 
"X- x 6, 
commutes. For an intrinsic definition, see [ 11, wherein the theory of stably 
closed G-categories is found, and for many examples of stably closed 
G-categories, assembled in terms of category objects in Grp (these 
are G-categories under conjugation, with G the object set), see [2]. A 
G-category is called hereditarily stably closed if it is a stably closed 
canonical H-category for every subgroup H of G. It is, incidentally, not 
enough to check only normal subgroups of G [2, Sect. 81. 
THEOREM 2 [ 1, Theorem 5.71. Zf a G-transversaled functor with domain 
a hereditarily stably closed G-category has an adjoint then it has a trivially 
G-transversaled adjoint. In particular, a G-functor on a hereditary stably 
closed G-category that has an adjoint has a G-adjoint. 
In the same style as above, a G-cotripleable functor is a G-functor that 
is cotripleable in the 2-category G-CAT. Although a G-cotripleable functor 
is a cotripleable G-functor the converse is not true. However: 
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THEOREM 3 [ 1, Theorem 8.51. Suppose T: 3Y + g is a G-functor. If T is 
cotripleable and X is hereditary stably closed, T is G-cotripleable. Conver- 
sely, if T is G-cotripleable and Y is hereditarily stably closed, X is 
hereditarily stably closed. 
2. MONOIDAL G-CATEGORIES 
The material in the section provides only-a sample of what can be said. 
We refer the reader to [S] for elaboration and details. 
Let V = (“&, 0, Z, a, 1, r, a) be a monoidal G-category; that is, Y is a 
monoidal category [7] with underlying category V0 a G-category (with 
small horn-sets), tensor product 0, unit object Z, associativity map a, left 
(resp. right) Z-multiplication map 1 (resp. r), and G-transversal (r for X@- 
natural in X. We stipulate thereto that the diagrams 
"(XQ(YQZ))~ "((X0 VQ-3 
"(ZQ X) 91 gx 
I II ug[ 
XQ"( YQZ) us (1) 
ZQgX ( gx I 8 og 
xQ(YQgz) u (XQ Y) Qgz 
commute. 
We define a G-V-category to be a G-object in V-CAT [7]-note that 
this makes no a priori use of T’s G-structure. We get a 2-category G-V- 
CAT, and we refer to the arrows as G-V-functors. When V = R-Mod, we 
abbreviate to G-R-category and G-R-functor. One can show, as in [l, 
Sect. 31, that any G-adjoint of a G-R-functor is a G-R-adjoint. 
We recall, assuming Y closed, that Y is a V-category-see Kelly [7]. 
We claim that V is a G-V-category. Indeed, the G-action is given by the 
commutativity of the square 
where E denotes evaluation (i.e., the counit). The verification that g- so 
defined is a V-functor satisfying g- 0 h- = gh- and ‘- = 1 is routine. 
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In [3] we studied generalized monoids, that is, small Y-categories, 
noting that they can be described in a like manner to ordinary monoids in 
V as a, say, (S x S)-indexed family n = {/lsl} of objects A,, of VO together 
with composition law m: A ,u @ A,, ---f A,, and identity element e: Z -+ /i,, 
satisfying the axioms for a V-category. We defined a /i-module to 
consist of a family of objects X= {Xs> of VO and a family of arrows 
6: A,, 0 X, -+ X, in VO, all subject to commutativity of the diagrams 
The category formed by these /l-modules, with the evident morphisms, we 
denoted A-Mod. 
Here, A-Mod is a G-category with G-operation on /l-modules (X, 6) 
given by the composite 
Ast@gX, %’ - qn,,@X,)~ gx,, 
the operation of G on ,4-morphisms being its operation on arrows of VO. 
Moreover, for closed Y, if we view /i as a Y-category, d say, the V- 
functor category V 4 - V-CAT(d, V) inherits a G-category structure 
via the G-structure on *Y. Now, in [3, Sect. 21, we constructed an 
isomorphism -Y& +/i-Mod. If this isomorphism sends a Y-functor K to 
the action 6, insofar as the composite along the bottom row in the com- 
mutative diagram 
&(A, B)OgKA 3 Y(KA, KB)ogKA 2 -y(gKA, gKB)@gKA 
-1 
“b- 
I I 
-I 
Og 
I 
E 
“( d( A, B) @ KA ) - p(K~l) “(+VM KB)O KA) go gKB 
is gS, gK gets sent to g6. It follows that we have proved 
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PROPOSITION 4. Given a closed monoidal G-category Yf and a small 
V-category &, the V-functor-G-category V’“,” is G-isomorphic to A-Mod 
for some generalized monoid A in V”. 
We exploit some of the results of [3] concerning A-Mod in a form 
suitable for use in the next section. For this we need the notion of an 
abelian G-category, that is, a G-category C which is abelian with the 
property that whenever limits (resp. colimits) of shape J exist in C, the 
diagonal G-functor C + C-’ has a right (resp. left) G-adjoint. In particular, 
an abelian G-category is an additive G-category as defined in [ 1, Sect. 131 
and is thus a G-&b-category. Also, by Theorem 2, any hereditarily stably 
closed G-category which is abelian is an abelian G-category. 
THEOREM 5. Let A be a generalized monoid in a biclosed monoidal 
G-category V, and suppose that VO is hereditary stably closed and has 
obj A-indexed coproducts. 
(i) If VO is a G-R-category in which idempotents split, A-Mod is a 
hereditarily stably closed G-R-category in which idempotents split, and the 
underlying functor A-Mod -+ VO is G-R-cotripleable. 
(ii) If VO is abelian then A-Mod is an abelian G-category. 
Proof (i) The underlying functor in question is the composite 
A-Mod a e 
cohm 
- “6, S= obj A, 
where F is the functor that forgets the action on A-modules. Since the 
diagonal functor VO -+ V;’ is a G-R-functor and VO is hereditarily stably 
closed, colim can be taken to be a G-R-functor, by Theorem 2. But 11’,s is 
hereditary stably closed, either directly or by [l, Corollary 7.81. But then, 
A-Mod is hereditarily stably closed, by [3, Corollary 4.3; 1, Proposi- 
tion 1.7, Lemma 2.2, and Theorem 2.71. Thus the underlying functor, being 
cotripleable by [3, Theorem 4.61, is G-cotripleable by Theorem 3. 
(ii). This is an immediate consequence of (i) and [3, Theo- 
rem 5.23. 1 
Next suppose that VO has a covariant involution, written . H T, for 
which I is stable. Note that VO becomes a GOP-category via J= gm’T. 
However, VO need not be a G x GOP-category-it may not be true that 
‘( .“) = (h. )“. Forgetting, for the time being, the G-structure, an involution 
symmetry for V” is a natural transformation c = cX, ,,: R@ Y+ Y@ X such 
that 
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u 
I I- 
a- 
(X@ F)OZ,, Y@X@Z~ Z@(Y@X) 
are commutative diagrams. “Y-, together with c, is called an involution-sym- 
metric monoidal category. Here closed and biclosed are equivalent terms 
[S]. Also, one may define the opposite V-category dop of any V-category 
~2; to wit, doP(A, B) = &‘(B, A), the composition law is the composite 
d(C, B)@d(B, A)--, d(B, A)@d(C, B)pL d(C, A), 
and the identity element is e: I+ s4(A, A). It is important to note that 
(@p), = (4xP, where we have identified elements of &(B, A) with 
elements of d(B, A) via the involution. 
If in our V, gZ = Zg for every g E G and the induced GOP-action on VO is 
such that VO is a G x GOP-category, we term V an involution-symmetric 
monoidal G-category. (In [S], a more general definition is given, entailing, 
in particular, only that gZ~ 1” coherently, and the fact that VO need not be 
a G x GOP-category under the GOP -action induced by the involution is 
rectified.) In this case the partial one-variable functor -0 Y: VO + VO is 
GOP-transversaled naturally in Y with GOP-transversal z delineable so as to 
make 
a commutative square. This implies commutativity of the GOP-analogues of 
the diagrams in ( 1 &see [ 51. 
Consider, for a moment, the functor-G x GOP-category ~3’~ where 9 is 
any category and G is viewed as discrete G x GOP-category. Notationwise, 
we regard gG as consisting of G-indexed sequences . = ( .g). In this nota- 
tion 9’ has covariant involution defined by Tg= .gml. Furthermore, when 
9’ is seen as a G-category, the GOP -action on QG induced by this involu- 
tion coincides with the canonical GOP-action. 
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In [S] by starting in the simplest instance with a closed symmetric 
monoidal category V, we show how to construct (given certain assump- 
tions on VO) a closed involution-symmetric monoidal G-category VG with 
underlying G-category VOG and tensor product given by 
(XOY),= IJ XhQYk. 
hk = ,q 
(2) 
Since presently our only interest is in starting with V = R-Mod, rather 
than describing the general construction, we frequently rely on computa- 
tions with elements. In particular, it is readily checked in this fashion that 
(R-Mod)G-the monoidal category of G-graded R-modules-with tensor 
product (2) and unit object given by 
Z, = R if g=l 
=o if g#l 
is a closed involution-symmetric monoidal G-category. In more detail 
(which is needed), the G-transversal o is given by commutativity of 
&keg xh@ yk a&,=,x,,@ yk, 
I I 
x,,@ yk xh @ Y(kg-l) g 
and the involution symmetry c is given by commutativity of 
3. MAIN RESULTS 
We start with an introductory result, an immediate consequence of our 
main results in the special case of a one-object generalized G-graded 
algebra (otherwise known as a G-graded algebra). 
THEOREM 6. A G-category zd is G-equivalent to the G-category of 
graded modules over a G-graded R-algebra if and only if ~2 is a hereditarily 
stably closed cocomplete abelian G-R-category with a small projective P such 
that &eG gP is a generator. 
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Concerning this result, we should comment that the usual convention 
among ring theorists is to consider internally graded algebras and modules. 
Now, the category of internally graded modules over an internally 
G-graded R-algebra carries an evident canonical G-structure. It is thus, by 
Theorem 7 below, G-transverse equivalent to the G-category of graded 
modules over a G-graded R-algebra (naturally one can exhibit a G-trans- 
verse equivalence). This cannot be a G-equivalence, for the G-category of 
internally graded modules is not even stably closed. We mention that . 
nevertheless it is an abelian G-category. However, there seems to be no 
reason why, in general, a G-category merely G-transverse equivalent to 
/l-Mod for some G-graded algebra n should be an abelian G-category. 
For the rest of the section V stands for the monoidal G-category 
(R-Mod)G of G-graded R-modules. If g is any full subcategory of a 
G-category 3, 4 denotes the full G-subcategory of !E with objects of the 
form gY, YE ?V. Also, for any G-R-category d, d is the V-category with 
&?(A, B)g = ,PP(A, g-‘B), composition law given by 
m: d(B, “-‘C)@ &(A, hm’B) -+ &(A, hm’gm’C): a @ /3 H hm’a 0 B, 
and identity element given by the map R + &(A, A). If $2 is a full sub- 
category of &, the full sub-V-category @ of d determined by the objects 
of V is called the V-category generated by %. Under the identifications 
VO(Z, @(A, B)) = Hom,(R, %(A, B)) = V(A, B), the underlying 
category of 0 is V. 
ordinary 
We might comment that the mechanics of the proof given in the 
following result can be simplified in part, using a duality to be introduced 
in [S]. 
THEOREM 7. The following are equivalent properties of a G-category d. 
(i) d is G-transverse equivalent to A-Mod for some generalized 
monoid A in V. 
(ii) d is a G-R-category cocomplete abelian as an R-category and 
having a full subcategory 9’ such that @ consists of a small generating set of 
small projectives. 
Moreover, if& is given as in (ii), A in (i) can be chosen to be the opposite 
V-category of the V-category generated by 9. 
Proof: First suppose (IV, p): ~4 + A-Mod is a G-transverse quivalence. 
To make d an R-category and M an R-functor define, for c( E &(A, B) and 
r E R, ra to be the arrow A -+ B such that M(rcr) = r(Mol). Then rga is the 
arrow gA + gB such that M(rga) = r(M%). Since 
Mg(ra)=pg(B)ogMraopg(A)-l=pg(B)Og(rMa)opg(A)p’ 
=pLg(B)Or(gMa)opg(A)-1=r(pg(B)OgMaopg(A)-1)=rMga, 
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g(rcl) =~~a. Similarly, with the obvious definition of a+/?, “(a +/I) = 
gtl + “fi. Thus JS?’ is a G-R-category. Moreover, &’ is a cocomplete abelian 
R-category, by [3, Theorem 5.21. But plainly, in VO, Z is a small projective 
and u gZ is a generator. Therefore, in the notation of [3, Corollary 3.41, 
the R/ism, s E obj ,4, form a generating set of small projectives in /i-Mod. 
The existence of the desired 9 in (ii) follows. 
Conversely, suppose z! and Y are as specified in (ii), and set /1= @OP. 
By the proof of Proposition 4, we may identify the G-R-category A-Mod 
with V@‘“’ so that, as in the first part of this proof, V“” is a cocomplete 
abehan R-category in which the “.!@Op(P, -), P E 9, constitute a generating 
set of small projectives. 
Consider the functor T: .r$ -+ Y”“” defined by T. = d( .Op, -) lbop. (Con- 
cerning the legitimacy of T, see [3, Sect. 11.) According to Theorem 1, it 
suffices to show that T is a cocontinuous G-functor whose restriction to @ 
is a full embedding. 
Suppose 0 + A -+ B + C -+ 0 is an exact sequence in d and (Ai} is a 
family of objects of d. Then, for P E 9, A”( P, A ) + s?( P, B) -+ d( P, C) + 0 
is exact and a?(P, JJ Ai) ‘v u d(P, Ai), because these statements are 
valid on gth components. Thus TA -+ TB+ TC+0 is exact and 
T(u Ai) 1: u TA,, since the underlying functor 
u E, : V.‘“’ + +& E, = evaluation at P, 
being cotripleable by [3, Theorem 5.21, reflects colimits. So T is cocon- 
tinuous. 
Next, note that Jop(A, B), = d(B, A)g-~ = d(B, “A) = sZ’~(~A, B), 
from which one deduces that “pP(A, B) = JoP(“A, B). Thereto the com- 
position law in dop is given by 
n = SC: L&‘~~(~B, C) @ sJ’~(~A, B) 
-+ JxI~P(~~A, C): cl”P@ pop H CL’PO g/F? 
Then, checking that the composite 
g(&‘p(B, C)@doP(A, B))A s~~(B, C) 
@ dop( “A, B) a J?“~(~A, C) 
is gn, one sees from the commutative diagram in Fig. 1 that “TA = TEA. 
Also, if c1 E VO(Z, d(A, B)), J?‘~(cLO~, C) is the composite 
dop(A, C) 2 sP(A, C)@Zz dop(A, C) 
@aP(B, A)& dop( B, C), 
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so that z?“~(PP, C) on its gth component is just the map 
d”p(ga( l)OP, C): &“p(gA, C) + JPP(gB, C): fOPHfOPO %( l)“? 
This renders the verification that gTcr = TRcc easy. So T is a G-functor. 
Finally, by [3, Lemma 1.11, the Yoneda embedding Y: @ + V@‘“’ is fully 
faithful. But there is an R-isomorphism $ as pictured in the commutative 
triangle 
~~~op(+P(~f', -), ,$'P(hQ, -)) 
I 
v+“““(&~(~P, -) I $op, -c4”op( ‘Q, -) I +p) 
namely, if q: dop(“P, -) 1 4Dp -+ L&‘~(~Q, -) I +,p is a V-natural transforma- 
tion, t++yl at -“S, SE 9, is given on its xth component by the composite 
&goP(xgp, VS) c(+), ~~P()'-'~gp, S) 
where i(z) denotes exponentiation by z. Thus the restriction of T to @ is 
a full embedding. m 
We remark that since, by [ 1, Theorem 7.41, VZO is hereditarily stably 
closed, by Theorems 2 and 5, the G-transverse equivalence d + A-Mod 
can always be chosen to be a G-functor. It cannot always be chosen to be 
a G-equivalence. In fact, there may be no nontrivial G-functor from A-Mod 
to &-indeed, as is the case for internally graded modules, G may operate 
without fixed points on the non-null objects of d. 
The fact, just cited, that VO is hereditarily stably closed allows us to 
apply Theorems 2, 3, and 5 to the preceding theorem, thereby obtaining 
our chief result: 
THEOREM 8. ’ A G-category d is G-equivalent to the G-category of 
graded modules over a generalized G-graded R-algebra if and only if & is a 
hereditarily stably closed cocomplete abelian G-R-category with a small 
generating set of small projectioes. 
’ Presented to the Society during the Special Session in Ring Theory at the 1987 Honolulu 
Conference. 
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The reader will find it interesting to look at the ring theoretical result 
[ 10, Theorem 2.21 of Menini and N&t&escu in light of the foregoing three 
results. The same can be said of the results [4, Sect. 51 of Gordon and 
Green. Therein, as observed in [lo], the apparent reliance on Z-grading is 
illusory-Z may just as well be taken to be G. 
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